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The five independent adiabatic elastic constants of dysprosium have been determined by means of an
ultrasonic-pulse technique at a frequency of 10 MHz, between 4.2 and 300°K. The compressional elastic
constants Cy; and Cj; display characteristic anomalies at the magnetic transition points T (178°K) and
T¢ (87°K). The shear constants Cy and Cg are very little affected at T'y; however, they exhibit typical
anomalies at T¢. The temperature dependence of the directional compressibility Ks;; parallel to the hexa-
gonal ¢ axis is qualitatively a mirror image of the perpendicular compressibility K s;. Both are only slightly
affected at T'w, but show drastic anomalies at T'¢. At this transition, K g, exhibits a hardening and Ks; a
pronounced softening of the crystal lattice. The limiting Debye temperature extrapolated to 0°K was found
to be 190°K. The temperature dependence of the magneto-elastic energy shows a drastic change of 0.71 J
cm™3 at T¢. Apparently, this change is responsible for the first-order phase transition in dysprosium at 7.

INTRODUCTION

HE low-temperature magnetic properties of poly-
crystalline dysprosium metal have first been in-
vestigated by Trombe.! He established a Néel point
T of 178°K, and a Curie point T¢ of 85°K. Recent
magnetic behavior studies on dysprosium single crys-
tals, by Legvold ef al.2® have confirmed Trombe’s data.
Similarly, specific-heat measurements? showed the ex-
istence of two maxima, at 174 and 84°K. The high-
temperature peak displays a definite N character, and
was attributed to the paramagnetic-antiferromagnetic
transition, whereas the low-temperature peak indicates
the Curie point of dysprosium. Corresponding anomalies
were also observed in the electrical® and thermal® con-
ductivities. Magnetization measurements? show that
dysprosium single crystals are highly anisotropic with
spontaneous magnetic moments oriented parallel to the
planes of the hexagonal layers. At about 108°K, dy-
sprosium becomes isotropic in the basal plane? At
T¢ (85°K) the metal orders spontaneously into a
ferromagnetic alignment. It was observed that the ¢
direction of the hexagonal dysprosium was extremely
hard magnetically, the magnetization curves being
linear down to the lowest temperatures studied.
Neutron diffraction measurements,” in agreement
with the magnetization data, have shown a region of
spiral antiferromagnetic order from T'x (178°K) down
to T¢ (87°K), with the ¢ direction of the hexagonal
structure as the direction of the spiral axis. Wilkinson
et al.” noted that the magnetization is always in the
basal plane but changes in direction from one plane
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to the next with a turn angle increasing almost linearly
with temperature from 27 to 43° per layer.? Below
T¢ the magnetic moments are parallel and strongly
constrained to the basal plane by a giant crystal field
anisotropy® of the order of 10° erg/cm?.

Although Banister ef al.' have not found any changes
in the crystal symmetry at the Curie point, recent
lattice parameter measurements!!*? indicate sharp dis-
continuities and distortions in the hexagonal lattice
symmetry that can be ascribed to a first-order transi-
tion. On the passage from the helical to the ferromag-
netic state, at 7¢, the large spontaneous magneto-
striction distorts the lattice from hexagonal structure
to orthorhombic.’® With decreasing temperature the
ratio of the axes changes!! from b/a=1.732=V3 to
1.720 just below T'¢, to 1.715 at 30°K. Finkel and
Vorobev? indicated that the occurrence of a maximum,
at 145°K, in the temperature dependence of the atomic
volume of dysprosium, corresponds to the possibility
of a change in the helical structure in this metal.”-!5
The magnetostriction of polycrystalline dysprosium has
been measured by Belov et al.1 and by Lee and Alberts!?
who found unusually high values. Even higher values
of the magnetostriction constants, with sharp discon-
tinuities at the magnetic ordering temperatures, were
observed in single crystals by several workers,!3:14:18
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1 LOW-TEMPERATURE ELASTICITY AND MAGNETO-ELASTICITY: -

In the vicinity of magnetic ordering points, the spin
rearrangements contribute to the total energy of the
lattice. Since the elastic constants are second deriva-
tives of the thermodynamic potential with respect to
strain, a magnetic contribution is invariably expected
at the magnetic transitions. The variation of the elastic
moduli and ultrasonic attenuation of polycrystalline
dysprosium between 4.2 and 300°K was recently re-
ported.® The Néel temperature (178°K) was marked
by anomalies in the elastic moduli and ultrasonic
attenuation, characteristic of a second-order phase
change. However, the drastic jumps in the elastic
moduli, adiabatic compressibilities and ultrasonic at-
tenuation in the vicinity of the Curie temperature
(86°K) indicated the presence of a first-order phase
change. The single-crystal elastic constants of dyspro-
sium, from 298 to 923°K, were measured by Fisher and
Dever.®

The objective of the present work was to determine
the five independent single-crystal elastic constants of
dysprosium between 4.2 and 300°K. From the tem-
perature dependence of the elastic constants, the varia-
tion of the Debye temperature and adiabatic compres-
sibilities can be calculated. Also, the temperature varia-
tion of the magneto-elastic contribution to the total
energy in the helical and ferromagnetic states can be
derived by using the measured elastic constants and
the reported magnetostrictive_thermal expansion of
dysprosium.’

EXPERIMENTAL DETAILS

The high-purity (99.9%) dysprosium single crystals,
supplied by Metals Research Ltd., Cambridge, England,
had been prepared by zone melting technique. The
crystals were in the form of flat disks, 6 mm in diam
and about 5 mm thick. The sample faces were flat and
parallel better than 2 parts in 10% The thickness of
each crystal disk was measured by means of a calibrated
indicator stand to within £=5X10~* mm.

Determination of the five independent elastic co-
efficients in an hexagonal crystal, namely, C11, Ci2, C13,
Css, and Cu, requires measurement of acoustic-wave
velocities of plane longitudinal waves and appropriately
polarized transverse waves propagating along three
crystal directions. In the present work, three single
crystals were used with the following nominal orienta-
tions: crystal 4 with disk axis z parallel to the hex-
agonal ¢ axis, crystal B with disk axis z perpendicular
to the hexagonal ¢ axis, and crystal C' with disk axis
at an angle $=45° to the hexagonal ¢ axis. X-ray back
reflection Laue photographs indicated that the actual
crystal orientations were within 2° of the nominal ones.
This deviation was accepted as satisfactory, and was
neglected in the subsequent computations of the elastic

19 M. Rosen, Phys. Rev. 174, 504 (1968).
20 E, S. Fisher and D. Dever, Trans. AIME 239, 48 (1967).
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stiffness coefficients from the experimentally deter-
mined acoustic-wave velocities.

The room-temperature specimen density was deter-
mined by means of a fluid-displacement technique,
using monobromobenzene. The average density of the
three single crystals of dysprosium was found to be
8.545 g cm™. The temperature variation of the speci-
men density, as well as of the acoustical path length,
was calculated using the average coefficient of thermal
expansion, (10.0X107%)°K~! given by Gschneidner.?

Th sound-wave velocities were measured by means
of an ultrasonic-pulse technique at frequency of 10
MHz. Experimental details and method of data analysis
were described elsewhere.?2 Difficulties were encountered
in preserving the ultrasonic couplant between the quartz
transducers and the dysprosium single crystal through
the ferromagnetic transition temperature region. Al-
though, the coupling fluids employed for dysprosium
single crystals were identical to those used on poly-
crystalline specimens,” nevertheless much greater care
with regard to bond thickness and mode of application,
had to be exercised in order to obtain a satisfactory
couplant for the entire temperature range, between 4.2
and 300°K. In general, single crystals are more difficult
to bond acoustically than polycrystalline samples of
the same metal. The behavior of the couplant upon
thermal cycling depends to a great extent on the
crystal orientation.

Conventional cryogenic and temperature-measuring
techniques were used. The samples were slowly cooled
to liquid-helium temperature and subsequently warmed
to room temperature, at a rate of about 0.5°K min™.
The temperature of the sample was determined by
means of a helium-gas thermometer and a (Au+ Co)-
versus-Cu thermocouple, to within 0.5°K.

The elastic constants of a crystal are related to the
measured sound-wave velocities through the following
equation®:

Cij=pV?,
where p is the metal density and V is the appropriate
sound velocity. The detailed relations between the
experimentally determined velocities and the elastic
constants of hexagonal crystals are given in Table I.
The velocities Vi, Vs, Vs, Vi, and V1 were used for
the calculation of the elastic constants Cis, Cu, Cuy,
Ci, and Cis, respectively. However, the additional
sound velocities V4 and Vgqs allowed checking the
internal consistency of the experimental data. Thus,
Cass of crystal 4 could be compared with Cy of B.
Similarly, Ci3 computed from Vqr was compared with
C1, from Vgs. The agreement in Cy was better by a
factor of 3 than in the Cy; elastic coefficients. The total

2 K. Gschneidner, in Solid State Physics, edited by F. Seitz
and D. Turnbull (Academic, New York, 1964), Vol. 16, p. 275.

22 M. Rosen, Phys. Rev. 181, 932 (1969).

2 M. J. P. Musgrave, Proc. Roy. Soc. (London) A226, 339
(1954).

2¢ J. R. Neighbours, J. Acoust. Soc. Am. 26, 865 (1954).
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TasirE I. Relation between sound velocities and elastic constants.
Mode of propagation Sound velocity equation

Crystal 4 Longitudinal pV2=Css
(disk axis z parallel Shear pV2=Cy
to hexagonal axis c)

Crystal B Longitudinal pV2=Cy
(disk axis z perpendicular Shear pVe=Cyy
to hexagonal axis c) Shear pV2=Ce=3%(C11—C12)

Crystal C Quasilongitudinal 2pVqr2=Cs; cos?p~Ci; sin2¢p+Cuy+{[C11 sin2¢p — Cs3 cos?p
[disk axis z at angle ¢ (45°) +Cua(cos’d—sin2p) 1244 cos?¢p sin?gp (Cr3+Cas)2}12
to the hexagonal axis ¢ Quasishear 2pVqs?=Cj3 costp+Cry sinZp+Cy— {[C11 sin2p— Cs; cos’ep

+C44 (COSZQS — sianS) ]2+4 COSzd) Si’ﬂ2¢o (C13+C44)2}1/2
Pure shear pVps?=Cy4 cos’p+3% (Cr11—C12) sin’p.

estimated error, including internal consistency and geo-
metrical deviations, in the absolute values of the elastic
stiffness coefficients Ci1, Cs3, Cas, and Cgg is 0.39,. The
calculation of Cy, from Ces (Table I) leads to an error
of 0.6% in C1s. Computation of Cy; from Vqr and Vs
is much more elaborate and involves uncertainties in

the elastic constants Cyi, Css, and Cu, as well as the
uncertainty in the angle ¢. The final accuracy of Ci3
is estimated to be 29,. The relative, point-to-point,
precision of all the elastic stiffness coefficients as a
function of temperature is better than the absolute
one by a factor of 4.
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Fic. 1. Temperature dependence of the dilatational elastic coefficients Cy; and Css of dysprosium single crystals.
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Fic. 2. Temperature dependence of the shear elastic coefficients Cy4 and Ces of dysprosium single crystals.

RESULTS AND DISCUSSION

The temperature dependence of the dilatational
elastic constants of dysprosium is shown in Fig. 1.
The compressional sound wave along the hexagonal ¢
axis yields the Cs; elastic constant, while the com-
pressional wave normal to ¢ gives Cy;. Figure 1 illus-
trates that with decreasing temperature, from the
ambient, both Cj; and C3; increase in the normal
manner, but with different slopes. The elastic constants
display typical second-order transition anomalies?> at
the Néel point (178°K). The dip in Cs; is more pro-
nounced than in Cy, indicating a relatively larger
lattice ‘“softening” along the hexagonal axis during
the paramagnetic-helical transition. With further cool-
ing, Cs; exhibits a change in slope at about 145°K. At
this temperature a maximum in the atomic volume of
dysprosium has recently been reported.? A possible
reason for this behavior may be due to the occurrence
of a change in the helical magnetic structure of dyspro-

2% 1,. D. Landau and E. M. Lifshitz, Statistical Physics (Perga-
mon, New York, 1958), Chap. 14, p. 430.

sium.”!® The ferromagnetic transition point, at 87°K,
is marked by a drastic softening in Ciy; while Cs; is
affected to a much smaller extent. It is noteworthy
that at T'¢ the major anomaly occurs in the Cy; elastic
coefficient, whereas at T'x the coefficient C3; is the one
which exhibits the larger anomaly.

The temperature dependence of the shear constants
Cys and Ceg is shown in Fig. 2. Both moduli are very
little affected at T'w, except for change in slope. How-
ever, at 7'¢ both Cu and Ces display typical anomalies.
In contrast to the shear constants, the cross-coupling
coefficients, Cy» and Cys, Fig. 3, exhibit sharp anomalies
at the magnetic transition points. Particularly spectac-
ular is the 459, decrease in Cy, at Te.

The absolute values of the elastic coefficients of dys-
prosium at 298°K can be compared with those reported
by Fisher and Dever.? The constant C;; and Cj; are
in agreement within the experimental error of 0.3%,.
But the absolute values of Cy4 and Cge from the present
measurements are higher by about 1.39%,. A possible
reason can be a difference in metal purity, or minor
variations inJthe c-axis orientation of the crystals,
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¥16. 3. Temperature dependence of the cross-coupling elastic coefficients C1» and Cis of dysprosium single crystals.

The adiabatic directional compressibilities, parallel
(Ksn) and perpendicular (K's;) to the hexagonal ¢ axis,
were derived from the computed elastic compliances?
S11, S12, S13, S33, and Sss. The directional compressi-
bilities, in term of elastic coefficients are

Ksu=(Cu+Cr— 2C13)/[Cu+C12)Ci3—2C15 7,
Ks1=(C33—C13)/[(Cut+C12)Cr5—2C1s P,
and the adiabatic volume compressibility
Ks(V)=Ksut+2Ks..

The temperature variation of the directional and
volume compressibilities are given in Fig. 4. Qualita-
tively, the temperature dependence of Ks; is almost
the mirror image of Ks,. However, the general shape
of the volume compressibility curve is dominated by
Ks,. In the vicinity of room temperature, the absolute
values of Kg, and Kgii are almost identical. The rate
of increase in magnitude of K, with decreasing tem-

26 H. J. McSkimin, J. Appl. Phys. 26, 406 (1955).

perature is much higher than that of Kgy. In the range
between 200°K and room temperature, the change in
Kgi is very small. The Néel point of dysprosium, at
178°K, is marked by a small peak in Ks,, and a corre-
sponding dip in Kgsi. With further decrease in tem-
perature, K, decreases to its minimum value at about
110°K, and subsequently displays a sharp peak at the
Curie temperature of 87°K. This peak corresponds with
the pronounced lattice softening at the ferromagnetic
transition point of the elastic coefficient Ci;, which is
the modulus of the compressional wave perpendicular
to the hexagonal ¢ axis. In contrast to Ks;, Ksi exhibits
a dip at T¢, although smaller in magnitude than the
peak in Ks,. The behavior of the directional compres-
sibilities in dysprosium at T'¢, clearly demonstrates the
existence of a lattice ‘“hardening” in the direction
parallel to the ¢ axis, and simultaneously a strong
lattice softening in the direction perpendicular to c.
The ratio of the directional compressibilities Ksii/
K., represents the lattice anisotropy of the crystal.??

27 J. de Launay, Ref. 21, Vol. 2, p. 219.
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F1G. 4. Temperature dependence of the directional compressibilities Ks; and Kgu, and of the volume
compressibility Kg(V) of dysprosium single crystals.

If this ratio is unity, the crystal is elastically isotropic.
The temperature dependence of the anisotropy ratio
of dysprosium is shown in Fig. 5. In the temperature
range from about 200°K to room temperature, the
anisotropy ratio is close to unity. The lattice is also
fully isotropic in the range between about 35°K and
liquid-helium temperature.

The low-temperature elastic constants enable the
computation of the Debye temperature, 6p. The elastic
0p is of particular importance for the analysis of
thermal properties of magnetically ordered substances
that possess a magnetic term in the total heat capacity.
0p is related to the velocity of sound by the equation

Op= (1/Kp)(3Np/4mM )3V ,,,

where 7% is Planck’s constant, Kp is Boltzmann’s con-
stant, IV is Avogadro’s number, p is the metal density,

M is the atomic weight, and V,, is the mean sound
velocity. In the present study, Anderson’s velocity-
averaging procedure for hexagonal crystals?® has been
employed in order to calculate V,, and subsequently,
Op.

The temperature variation of ©p is presented in
Fig. 5. Its behavior is similar to that of the elastic
coefficients, particularly to the shear constants Cyy and
Ces (Fig. 2). T¢ is marked by a dip in ©p at 87°K. At
more elevated temperatures, Op varies quite smoothly
up to Tn (178°K), where it changes slope. From T'x
up to room temperature, Op shows a linear temperature
dependence. The value of Op at room temperature for
single-crystal dysprosium (Fig. 5) is 180°K, in agree-
ment with the polycrystalline value? of 181°K. The
limiting ©p, extrapolated to 0°K, for single crystals is

28 0. L. Andersan, J. Phys. Chem. Solids 24, 909 (1963).
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F16. 5. Temperature dependence of the anisotropy ratio (Ksn/Ksi) and of the Debye temperature (8p) of dysprosium single crystals.

190°K, as shown in Fig. 5. This value is higher than the
reported 179°K for polycrystalline dysprosium.’® The
discrepancy may be due to the higher metal purity of
the single crystals in the present work, as well as to the
velocity-averaging procedure. It should be pointed out
that both the single-crystal and polycrystalline values
of the limiting 6p of dysprosium, i.e., 190 and 179°K,
respectively, are higher than the ©p calculated from
specific-heat data.? The specific heat Op were reported
to be (1724£35)°K and 158°K, at 0°K and room
temperature.

Cooper®®? has suggested that the magneto-elastic
effect is the driving force for the helical to ferromag-
netic transition in dysprosium. In his view, the helical
arrangement ‘“‘clamps” the successive planes along the
hexagonal ¢ axis and prevents development of strains

2 B. C. Gerstein, M. Griffel, L. D. Jennings, and R. E. Miller,
J. Chem. Phys. 27, 384 (1957).

3 B. R. Cooper, Phys. Rev. Letters 19, 900 (1967).

3 B. R. Cooper, Phys. Rev. 169, 281 (1968).

that would minimize the combined elastic and mag-
netoelastic energies of the lattice. Thus, the helical
state possesses a higher magneto-elastic energy than
the ferromagnetic state. At the transition point to the
ferromagnetic state, a drastic drop in energy should be
expected.

The magnetostriction contribution to the free energy
of hexagonal crystals has been treated in detail by
Callen and Callen.®? Evenson and Liu® have further
developed the theory and have computed the difference
in the magneto-elastic energy between the helical and
ferromagnetic states at T¢ (85°K). The total magneto-
elastic energy, including the elastic and magneto-
elastic contributions is as follows:

Ene=—3Cu*(e*1)*—3Ca®(ex?) —5Cy(\")?,
where the last term of the equation is equal to zero in

# E. Callen and H. B. Callen, Phys. Rev. 139, A455 (1965).
# VW, E, Evenson and S. H. Liu, Phys. Rev. 178, 783 (1969).
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the helical state. According to Callen and Callen,?

C11*=%(2C1u+2C1,+4C13+Cs3)
Cap¥= % (C11+ Cro—4C13+ 2C33) )
C7'=2(C;1—C1s).

The equilibrium strains are found to be®

Ea’l—: %)\1(1‘{— COS\&) — %\/3 (C22a/clla))\2(1 —_ COSlP) )
€¥2= %)\2 (1+3 COSIP) — %\/\?(Cua/Cna))\l (1 — COSIP) 5
€,7=0 in the helical state, and

€17=4\" in the ferromagnetic state.

The angle ¢ is the helicomagnetic-turn angle, deter-
mined by Landry® and found to vary between 27°
at T¢, to 43° at T'y. The equilibrium strains e*! and
e*? are partially clamped to the helical state. The pa-
rameters \; and A\, are defined by Eq. (2.17) of Ref. 33,
and are related to the magneto-elastic-coupling co-
efficients through the elastic constants C11* and Cso%,
respectively. The strains can also be related to the
anomalous thermal expansion along the symmetry axes
of dysprosium, as measured by Clark et al.13:

02/1) p=3%ex'—3V3ex 24 €7,
©l/D)y=3ex'—3V3e*'— ",
62/1),=%e*1+2V3e2.

Evenson and Liu® have calculated the total magneto-
elastic energies in the helical and ferromagnetic states

in the vicinity of T¢. They have used the anomalous
thermal expansion data of Clark et al.®® and the single-
crystal elastic constants of dysprosium at room tem-
perature.? The elastic constants at T'¢c were computed
by applying the experimental data of the temperature
variation of polycrystalline moduli at low temperatures.*

Following the theoretical formulation of Evenson
and Liu,® applying the low-temperature single-crystal
elastic stiffness coefficients of dysprosium obtained in
the present study, and using the thermal expansions
calculated from Darnell and Moore’s data,' the total
magneto-elastic energy was calculated over the entire
temperature range of magnetic ordering. The variation
of the magneto-elastic energy with temperature is
shown in Fig. 6. The energy decreases from zero, at
T~ (178°K), with decreasing temperature. Its value in
the helical state just above T¢ (87°K) is Esp=—0.42
J/ecm.® This value is higher than that estimated by
Evenson and Liu, —0.72 J/cm?. Just below T'¢, i.e., in
the ferromagnetic state, the energy is much smaller,
E;=—1.78 J/cm3. The energy drop at I'c is AE=1.36
J/cms3, compared with 0.94 J/cm? obtained by Evenson
and Liu. Apparently, the drastic change in the mag-
neto-elastic energy at the ferromagnetic transition point
is responsible for the first-order phase transformation
as exhibited by a change in the crystal symmetry and
atomic volume.!:12

Figure 6 shows that the magneto-elastic energy
decreases with decreasing temperature. The rate of
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temperature variation of the magneto-elastic energy is
higher in the ferromagnetic state than in the helical
state. Noteworthy is the minimum of the magneto-
elastic energy in the helical state, at 95°K. At this
temperature the volume compressibility, Fig. 4, is at
its minimal value.
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Coupled Electronic Spins, Nuclear Spins, and Phonons in a Cubic Antiferromagnet*
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The spin response functions for the electronic and nuclear spins in a cubic antiferromagnet are obtained
in the random-phase approximation. These response functions are then used to investigate the coupled
electronic-spin-nuclear-spin-phonon system. Predicted changes in phonon velocity and attenuation in
RbMnF; due to interaction with electronic and nuclear spin waves are obtained. Some of these predictions
agree with previous experiments and theory, and others can be checked by further experiments.

I. INTRODUCTION

HE coupled system of electronic and nuclear
spinst? and its interaction with acoustic pho-
nons®* in an antiferromagnet with cubic symmetry have
been of some interest lately. It is the purpose of this
paper to treat this coupled problem consistently from a
unified point of view within the random-phase approxi-
mation (RPA) and, in particular, to obtain detailed pre-
dictions for RbMnF;. Because of the complicated geom-
etry of the equilibrium magnetization of a cubic anti-
ferromagnet, this treatment is limited to configurations
in which an external magnetic field lies in a restricted
range of a {110} plane. As will be seen, because of the
relatively strong coupling between the electronic and
nuclear spins in RbMnF3, the combined system must
be taken into account in order to obtain correct results
for the effects of the antiferromagnetism on the phonons.
The Hamiltonian used to describe the coupled elec-
tronic and nuclear spins is

Ha=} % J(00)S()S@) ~L A1) S(a)
—> H,- [#es(a)+#n1(a)]+Ha, (1.1)

where S(a) and I(e) are the electronic- and nuclear-spin
operators, respectively, at the magnetic site a. The ex-
change interaction is written so that J(a,a’) is positive
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for antiferromagnetic coupling, Hy is a uniform applied
magnetic field and p, (u.) is the electronic (nuclear)
magnetic moment. H, is a term describing the elec-
tronic-spin anisotropy energy which, for a cubic system,
is

Eu=3K(Se 45y 4S.

per site. The subscript ¢ denotes the usual coordinate
system coincident with the cubic axes of the crystal.

The spins and phonons interact through the single-
ion magnetostriction Hamiltonian H,., which, for a
lattice with cubic symmetry, takes the form

H.,=Gu 3 {eu(a)[SxZ(a) -3 y2(a) —3 22(0‘)]

«

(1.2)

~+ (cyclic permutations)}+Gas 2, {€xy(c)
X[Sz(a)Sy(a) +8y(@)Sa(e)]
~+ (cyclic permutations)}. (1.3)

The strain componets €;;(e) can be expressed in terms
of the phonon displacement operation U;(a) by the
equation

(1.4)

e5(a) =—

1[6Ui(a) + ilz,(‘ozq '

Jdaj Ja;

The method of attacking the problem is to first cal-
culate the electronic-spin correlation function using
thermodynamic Green’s functions and then to use it to
obtain predictions about various experiments. Section
II contains a discussion of the model, the approxima-
tions employed, and the use of the spin correlation
functions. In order (it is hoped) to make the paper more
useful to a variety of readers, formulas for the spin
correlation functions are derived in Appendix A, while



